The paper deals with an optimal control problem with a scalar first-order state constraint and a scalar control. In presence of (nonessential) touch points, the arc structure of the trajectory is not stable. Under some reasonable assumptions, we show that boundary arcs are structurally stable, and that touch point can either remain so, vanish or be transformed into a single boundary arc. Assuming a weak second-order optimality condition (equivalent to uniform quadratic growth), stability and sensitivity results are given. The main tools are the study of a quadratic tangent problem and the notion of strong regularity. Those results enables us to design a new continuation algorithm, presented at the end of the paper, that handles automatically changes in the structure of the trajectory.
Introduction
This paper deals with an optimal control problem (of an ordinary differential equation) with a scalar first-order state constraint and a scalar control, with a free final state and no control constraints. It is well-known that for first-order state constraints, when the strengthened Legendre-Clebsch condition holds and the state constraint is regular, touch points (locally unique times where the constraint is active) are nonessential (the associated jump of the multiplier is null) (see e.g. [19, 17] ). Situations where touch points are present may be encountered, for instance, when solving the optimal control problem by indirect approaches using an homotopy method in order to guess the arc structure of the trajectory, see e.g. the example in [3] . Therefore it is of interest to study sensitivity of solutions around touch points, when the constraint becomes active. Under a small perturbation, several events may occur. Among them, the constraint may locally become inactive, the touch point may remain a touch point, or it may give rise to a boundary arc. Our main result is that, under natural hypotheses, these are the only three possibilities, and that the boundary arcs have a length of the order of the perturbation, and satisfy a "strict complementarity" hypothesis. In addition, we show how to compute a first-order expansion of the solution. The analysis uses in a critical way a certain tangent quadratic problem, and at the same time is in the spirit of the shooting approach, in the sense that touch points are converted into boundary arcs of zero length, and we compute the first-order expansion of all entry and exit points. Fréchet directional derivatives are obtained as the solution of an inequality-constrained linear quadratic problem. The proof applies the notion of "strong regularity" in the sense of Robinson [31] to a system that happens to be equivalent to the optimality conditions of the tangent quadratic problem. Our formulation of the corresponding shooting formulation (of which all entry and exit times are variables, in addition to the initial costate and jumps of the alternative multiplier at entry times) allows exit times to be lower than entry times; however, we check that the solution of the shooting formulation is such that entry times are lower than or equal to corresponding exit times.
Optimal control problems with first-order state constraints were first studied in the book by Pontryagin et al. [28] . Numerous results have been obtained since for stability and sensitivity analysis of those problems. Two different approaches have been used. The first one is the use of implicit function theorems in infinite dimensional spaces (see [32, 20, 16, 27] ), and the second one is to reduce the problem to a finite-dimensional one (a two-or multi points boundary value problem) using the so-called shooting formulation (see [33, 26] ). With firstorder state constraints, L 2 -stability of solutions was first obtained by Malanowski [21] , under strong second-order sufficient conditions, using an infinite-dimensional implicit function theorem based on two-norms approach, and later by Dontchev and Hager [12] , using an implicit function theorem in metric spaces. In Malanowski [21] , directional differentiability of solutions in L 2 was established, using the results on differentiability of projection onto a closed convex cone in Hilbert spaces [16] . The second-order sufficient condition used in the analysis was weakened by Malanowski [22] . All those results require no assumptions on the structure of the trajectory. In order to obtain L ∞ -stability of solutions, Dontchev and Hager [12] needed an additional assumption on the structure of the contact set ("contact separation"). Using a finite dimensional approach, Malanowski and Maurer obtained in [23] differentiability of solutions in L ∞ by application of the implicit function theorem to the shooting mapping, under stronger assumptions (finitely many nontangential junction points, and strict complementarity) needed to ensure the stability of the structure of solutions.
The approach presented in this paper is different from the ones in [21, 22, 12] where the stability and sensitivity analysis was done in infinite dimensional spaces without any assumptions on the structure of the trajectory. On the contrary, our aim is to describe changes in the structure of the trajectory, both qualitatively and quantitatively. Thus the first step is to consider nonessential touch points. Indeed, as mentioned before, changes in the structure are likely to occur when performing continuation methods, therefore the more information we have on the continuity and/or differentiability of the homotopy path, the easier will be the latter to follow. Our stability and sensitivity results generalize those of [23] to the case when (nonessential) touch points are present. However, in that case strict complementarity does not hold anymore, so we cannot apply the classical implicit function Theorem as done in [23] . This paper is related to our previous work: the study of no-gap second-order optimality conditions in [4] , and the shooting formulation, allowing nonessential touch points for state constraints of order greater than one, and for which we also use the notion of strong regularity [6] . In both papers we assume also the state constraint and the control to be scalar-valued. Some of these results are extended to the case of vector-valued state constraints and control in [5] . We follow here the analysis in [6] where sensitivity results with nonessential touch points for state constraints of order greater than one were obtained. The contributions of this paper are the following:
• A stability result of the structure of stationary points (and not only the stability of the structure of locally optimal solutions) is proved. That is, if the nominal trajectory satisfies several assumptions, among which uniform strict complementarity on boundary arcs, then any stationary point in the neighborhood has a "neighboring structure", in a sense made precise in section 2.
• In the stability and sensitivity analysis we cover the case of the possible transformation of touch points into boundary arcs. This possibility was excluded from the analysis in [6] and in [23] , and leads to technical complications. In particular we show that for firstorder state constraints, the shooting algorithm remain well-posed when touch points are converted in boundary arcs, which is false for control constraints (see Remark 6.3).
• At the end of the paper, we present an application of those results to a preliminary homotopy algorithm whose novelty is to handle changes in the structure (appearance/disappearance of a boundary arc) automatically. Numerical application on a simple academic problem is presented.
The paper is organized at follows. The framework is presented in section 1. In section 2, the stability results of the structure of stationary points are given. In section 3, the main result is stated. In section 4, the problem is reduced to a generalized finite-dimensional equation, with a complementarity constraint. Robinson's strong regularity theory is applied to the latter in section 5, where the main result is proved. Section 6 deals with directional differentiability of solutions. In section 7, a basic illustrative example is presented. The homotopy method is described in section 8. Section 9 contains the proofs of the results of section 2.
Preliminaries
Let U := L ∞ (0, T ) (resp. Y := W 1,∞ (0, T ; R n )) denote the control (resp. state) space. Let M be a Banach space (the space of perturbations parameter) and, for µ ∈ M , the cost function ℓ µ : R × R n → R, final cost function φ µ : R n → R, dynamics f µ : R × R n → R n , state constraint g µ : R n → R, initial condition y µ 0 ∈ R n , and (fixed) final time T > 0. We consider the following optimal control problem:
subject toẏ(t) = f µ (u(t), y(t)) for a.a.
This notation allow us to deal with non autonomous problems (i.e. when the data ℓ µ , f µ , g µ depend on time t) as well, by assuming w.l.o.g. that the last component of the state variable y n satisfies in (2)ẏ n (t) = 1 on [0, T ], y n (0) = 0 (i.e. y n (t) = t).
We shall assume in all the paper that (P µ ) is written such that (4) holds. In this way our analysis will include non autonomous perturbations, even when the starting problem is autonomous. This assumption is only used in Th. 3.3 to obtain the implication (i) ⇒ (ii).
We study perturbations of problem (P µ ) around a given value of parameter µ 0 ∈ M , and we often omit the superscript µ when we refer to the problem and data associated with µ 0 , i.e. (P) := (P µ 0 ) and (ℓ, φ, f, g, y 0 ) := (ℓ µ 0 , φ µ 0 , f µ 0 , g µ 0 , y µ 0 0 ). We assume throughout the paper that the assumptions below hold:
(A0) The mappings ℓ, φ, f and g are of class C 2 , with locally Lipschitz continuous secondorder derivatives, and the dynamics f is Lipschitz continuous;
(A1) the initial condition satisfies g(y 0 ) < 0.
These assumptions will not be repeated in the various results of the paper. A parametrization (ℓ µ , φ µ , f µ , g µ , y µ 0 ), identified with problem (P µ ), is a stable extension of (P), if there exists an open neighborhood M 0 of µ 0 , such that (i) there exist C 2 mappingŝ ℓ : R × R n × M 0 → R;φ : R n × M 0 → R;f : R × R n × M 0 → R n ;ĝ : R n × M 0 → R and y 0 : M 0 → R n , such that ℓ µ (u, y) =l(u, y, µ) for all (u, y) ∈ R × R n and all µ ∈ M 0 (and similarly for φ µ , f µ , g µ , and y µ 0 ); (ii) the mappings ℓ µ , f µ , φ µ , g µ have Lipschitz continuous second-order derivatives and f µ is Lipschitz continuous, uniformly over µ ∈ M 0 .
In this paper, we always consider stable extensions (P µ ), that satisfy (4) as said before.
Definitions and Notations
The space of row vectors is denoted by R n * , and the adjoint and transposition operator in R n are denoted by a star * . Fréchet derivatives of f , ℓ, etc. w.r.t. arguments u ∈ R, y ∈ R n , are denoted by a subscript, for instance
is the Lebesgue space of measurable functions such that u r := ( We denote by ϕ(t − ) and ϕ(t + ) the respectively left-and right limits of a function of bounded variation ϕ at a time t ∈ [0, T ]. Jumps are denoted by [ϕ(t)] := ϕ(t + ) − ϕ(t − ).
Given µ ∈ M 0 , a trajectory of (P µ ) is an element (u, y) ∈ U × Y satisfying the state equation (2) . A feasible trajectory is one satisfying the state constraint (3). The first-order time derivative of the state constraint is the function defined by (g µ ) (1) : R×R n → R, (u, y) → g µ y (y)f µ (u, y). In this paper, we consider state constraints of first order, that is, the function (g µ ) (1) (u, y) depends explicitly on the control variable u in the neighborhood of the contact set of the constraint, see assumption (A3). It will be convenient to introduce the second-order time derivative of the state constraint by:
Wherever u is differentiable, we have that
The classical (resp. augmented) Hamiltonian functions H µ : R × R n × R n * → R (resp. H µ : R × R n × R n * × R → R) are defined by:
For (u, y) a feasible trajectory of (P µ ), define the contact set by:
We say that the constraint is active at time t, if t ∈ I(g µ (y)); otherwise it is said inactive at time t. A boundary arc (resp. interior arc) is a maximal interval of positive measure I such that g µ (y(t)) = 0 (resp. g µ (y(t)) < 0), for all t ∈ I. Left and right endpoints of a boundary arc [τ en , τ ex ] are called entry and exit point, respectively. A touch point τ to is an isolated contact point, satisfying g µ (y(τ to )) = 0 and g µ (y(t)) < 0, for t = τ to in the neighborhood of τ to . The endpoints of interior arcs belonging to (0, T ) are called junction points (or times).
If the set of junction points of a trajectory is finite, then it is of the form
with T en , T ex and T to the disjoint (and possibly empty) subsets of respectively regular entry, exit and touch points. We denote by I b the union of boundary arcs, i.e.
} and similar definition of T ex , and we have I(g µ (y)) = T to ∪ I b . The arc structure (or simply structure) of a trajectory is the (finite) number of boundary arcs and touch points, and the order in which they occur.
Given a finite subset S of (0, T ), we denote by P C k S [0, T ] the set of functions over [0, T ] that are of class C k outside S, and have, as well as their first k derivatives, a left and right limit over S and a left (resp. right) limit at T (resp. 0). The subset of functions in
We also use the notation
By definition of a stable extension, the mapping
with the cost function
T ] the cone of continuous functions taking nonpositive values, and G µ the mapping U → C 0 [0, T ], u → g µ (y µ u ). We write J and G for J µ 0 and G µ 0 , respectively.
Optimality Conditions
Let us first recall the definition of Pontryagin extremals. Definition 1.1. A trajectory (u, y) is a Pontryagin extremal of (P µ ), if there exist α ∈ R + , dη ∈ M[0, T ] and p ∈ BV ([0, T ]; R n * ), (dη, p, α) = 0, such that:
When α > 0, dividing p and η by α, we can take α = 1 in the above equations, and in that case we say that (u, y) is a regular Pontryagin extremal.
It is well known that optimal solutions of (P µ ) are Pontryagin extremals. A sufficient condition to ensure that α = 1, i.e. that an optimal solution (u, y) of (P µ ) is a regular Pontryagin extremal, is that Robinson's constraint qualification [29, 30] below is satisfied (recall (11)):
with B C 0 [0,T ] the unit (open) ball of the space of continuous functions. A trajectory (u, y) is a stationary point of (P µ ), if there exist dη ∈ M[0, T ] and p ∈ BV ([0, T ]; R n * ) such that (12)- (14) and (16) hold (with α = 1), as well as
The above condition is in general weaker than (15) . However, when the Hamiltonian H µ is convex w.r.t. the control variable along the trajectory (and in particular when assumption (22) below holds), then the definitions of regular Pontryagin extremals and stationary points are equivalent. We say that (u, y) is a local solution (weak minimum) of (P µ ), if it minimizes (1) over the set of feasible trajectories (ũ,ỹ) satisfying ũ − u ∞ ≤ δ for some δ > 0. Local solutions of (P µ ) satisfying (17) are stationary points.
Note that the complementarity conditions (16) can be equivalently rewritten as:
where supp(dη) denotes the support of the measure dη. Another condition equivalent to (16) is dη ∈ N K (G µ (u)), where N K (G µ (u)) denotes the normal cone (in the sense of convex analysis) to K at point G µ (u).
Assumptions
We assume that problem (P) has a local solution, denoted in the sequel by (ū,ȳ), and that the latter satisfies, withp andη its associated multipliers, the following assumptions:
(A2) The controlū is continuous over [0, T ], and there exists α > 0 such that
(A3) Uniform regularity of the state constraint near the contact set, i.e., there exists β, ε > 0 such that |g
A condition stronger than (A2) which implies the continuity of the control is the uniform strong convexity of the Hamiltonian w.r.t. the control variable, i.e. there exists α > 0, such that H uu (û,ȳ(t),p(t ± )) ≥ α, for allû ∈ R and all t ∈ [0, T ].
It is well-know (see e.g. [15, 17] ) that when (A2)-(A3) hold, thenū and the multiplierη are Lipschitz continuous. In particular this implies that all touch points τ to are nonessential, i.e. [η(τ to )] = 0. Furthermore, (A3) implies that (17) holds, and that the multipliers (p,η) associated with (ū,ȳ) are unique. This is a consequence of the lemma below. For δ > 0, let Ω δ := {t ∈ [0, T ], dist{t; I(g(ȳ))} < δ}. Lemma 1.2. Assumption (A3) implies that for all 0 < δ ≤ ε, with the ε of (21), assumed to be so small that Ω ε ⊂ [a, T ] for some a > 0, the linear mapping
where | Ω δ denotes the restriction to the set Ω δ , is onto.
Proof. Let us recall the proof of [4, Lemma 9] . For v ∈ U, we have that DG(ū)v = g y (ȳ)z v , where z v is the (unique) solution in Y of the linearized state equation:
It is easy to see that
and since by (21) and (A1), g
u (ū,ȳ) is uniformly invertible on a neighborhood of Ω δ for small δ > 0, the result follows as a consequence of Gronwall's Lemma.
We will also make in addition to (A2)-(A3) the following assumptions:
(A4) The trajectory (ū,ȳ) has a finite set of junction timesT , and we assume that g(ȳ(T )) < 0.
(A5) Uniform strict complementarity on boundary arcs:
for all t in the interior of boundary arcs; (25) (A6) Non tangentiality at second-order at (nonessential) touch points: for all touch pointτ to ,
Note that (26) makes sense, since
) is by (6) a continuous function of (ȳ,ū,u), and u andu are continuous at a touch pointτ to (indeed,τ to being a nonessential touch point, (τ to − ε,τ to + ε) ∩ supp(dη) = ∅ for some small ε > 0, so the continuity ofu follows from the implicit function theorem applied to the relation H u (ū,ȳ,p) = 0). This condition is similar to the reducibility hypothesis when the state constraint is of order q ≥ 2 (see [6] ). The lemma below will be proved later (see Lemma 4.9), the proof being based on the alternative formulation (Def. 4.1). Lemma 1.3. Let (ū,ȳ) be a stationary point of (P) satisfying (A2)-(A4). Then assumption (A5) implies that the following non-tangentiality condition at second-order holds at entry and exit points:
2 Structural stability of stationary points Let (ū,ȳ) be a stationary point of (P) satisfying (A2)-(A6). Assume that (ū,ȳ) has N ba boundary arcs and N to touch points, and let N := N ba + N to . Number the boundary arcs and touch points of (ū,ȳ) by i = 1, . . . , N , and denote by I ba and I to the (disjoint) sets of index in {1, . . . , N } corresponding respectively to boundary arcs and touch points. Denote the junction times of (ū,ȳ) byT en = {τ i en } i∈I ba ,T ex = {τ i ex } i∈I ba , andT to = {τ i to } i∈Ito . For δ > 0, define
In view of (A4), (A6) and (27) , we may fix κ,δ > 0 satisfying the conditions below:
δ ≤ ε with the ε of (21),
for all i ∈ I ba and on Ωδ i for all i ∈ I to ,
the sets (Ωδ i ) 1≤i≤N are pairwise disjoint and contained in [a, T ] for some a > 0.
The next theorem gives a direct result (i.e. without using a shooting formulation) of the stability of structure of stationary points, when assumptions (A2)-(A6) are satisfied.
Theorem 2.1. Let (ū,ȳ) be a stationary point of (P µ 0 ) satisfying (A2)-(A6), and letδ satisfy (29)- (31) . Then for all 0 < δ <δ and all stable extensions (P µ ) of (P µ 0 ), there exists a neighborhood V u × V µ of (ū, µ 0 ) in U × M , such that all stationary points (u, y) of (P µ ) with (u, µ) ∈ V u × V µ satisfy the following properties, with the contact set I(g µ (y)) defined by (9):
is an interval of positive measure;
(S3) for all i ∈ I to , I(g µ (y)) ∩ Ω δ i is either empty, or a singleton, or an interval of positive measure.
When (S1)-(S3) are satisfied, we say that a stationary point (u, y) of (P µ ) has a neighboring structure to that of (ū,ȳ).
Remark 2.2. We can actually state a "local" version of Th. 2.1. More precisely, if a stationary point (ū,ȳ) of (P µ 0 ) satisfying (A3) has a boundary arc [τ en ,τ ex ] (resp. a touch pointτ to ) and if assumptions (A2) and (A4)-(A6) hold locally over (τ en −δ,τ ex +δ) (resp. over (τ to −δ,τ to +δ)) for some δ > 0, then all stationary points (u, y) of (P µ ) with (u, µ) in the neighborhood of (ū, µ 0 ) have exactly one boundary arc on (τ en − δ,τ ex + δ) (resp. have at most either one touch point or one boundary arc on (τ to − δ,τ to + δ)).
The proof of Theorem 2.1 is given in section 9 and will use two lemmas below. Note that by continuity of the mapping (u, µ) → g µ (y µ u ), it is immediate that all stationary points of a stable extension (P µ ) with (u, µ) in the neighborhood of (ū, µ 0 ) satisfy (S1). Let us first define alternative multipliers needed in lemma 2.3 (see also [23, 21, 17, 12, 15] where these multipliers are used)
With this definition, and without any assumptions on the arc structure of the trajectory (i.e. without assuming a finite number of junction points), we have that −dp
and hence, the new alternative costate p 1 is absolutely continuous. Consequently, an equivalent form of (13)- (14) (when α = 1) and (18) is, a.e. on [0, T ]:
In addition, (16) implies the following (weaker) relations, since η 1 is constant on interior arcs:
Note that given a trajectory (u, y) of a stable extension (P µ ), if (u, µ) is close enough to (ū, µ 0 ), Robinson's constraint qualification (17) still holds. This implies the uniqueness of the multipliers associated with a stationary point (u, y) of (P µ ) with (u, µ) in the neighborhood of (ū, µ 0 ). The two lemmas below, used in the proof of Th. 2.1, are proved in section 9.
Lemma 2.3. Let (ū,ȳ) be a stationary point of (P µ 0 ) satisfying (A2)-(A3) with multipliers (p,η), and let the associated alternative multipliers (p 1 ,η 1 ) be given by (32)- (33) . Consider a stable extension (P µ ), and let (u n , y n = y µn un ) be a stationary point of (P µn ), such that u n →ū in L ∞ and µ n → µ 0 . Denote by p n , η n the (unique) multipliers associated with (u n , y n ), and let p 1 n , η 1 n be given by (32)- (33) . Then: (33) and (32), we deduce the uniform convergence of (p n , η n ) towards (p,η).
The key tool for deriving the structural stability result of Th. 2.1 is the following lemma.
Lemma 2.5. Let (ū,ȳ) be a stationary point of (P µ 0 ) satisfying (A2)-(A6), and letδ be defined as in Th. 2.1. Then for all 0 < δ <δ and all stable extensions (P µ ) of (P µ 0 ), there exists a neighborhood
Statement of the main result
Let us first recall the second-order conditions of [7, 4] . Let the linearized control and state spaces be respectively V := L 2 (0, T ) and Z := H 1 (0, T ; R n ), where
The quadratic function over V × Z involved in the second-order conditions is:
and the set of constraints (defining the critical cone):
whereĪ b andT to denote respectively the union of boundary arcs and the set of touch points of (ū,ȳ).
Theorem 3.1 ( [7, 4] ). (i) Let (ū,ȳ) be a local solution of (P) satisfying (A2)-(A5). Then
(ii) Let (ū,ȳ) be a stationary point of (P) satisfying (A2)-(A5). Then
iff (ū,ȳ) is a local solution of (P) satisfying the quadratic growth condition:
Let us recall that a quadratic form Q on an Hilbert space H is a Legendre form, if Q is weakly lower semicontinuous and if for all weakly convergent subsequence (v n ) ∈ H N , say
. Using (A2) we can show that the quadratic form J is a Legendre form (see [18, 8] ). This plays a role to obtain the no-gap second-order conditions of Th. 3.1.
In the stability and sensitivity analysis, we will use the condition below, stronger than (42):
Definition 3.2. Let (ū,ȳ) = (u µ 0 , y µ 0 ) be a stationary point of (P µ 0 ). We say that (ū,ȳ) satisfies the uniform quadratic growth condition, if for all stable extensions (P µ ) of (P µ 0 ) satisfying (4), there exist c, ρ > 0 and an open neighborhood V 0 of µ 0 , such that for all µ ∈ V 0 , there exists a unique stationary point (u µ , y µ ) of (P µ ) with u µ −ū ∞ ≤ ρ, and this point satisfies
Of course (45) implies that (u µ , y µ ) is a local solution of (P µ ). Note that the constants c and ρ in the uniform growth condition (45) does not depend on µ.
The arc structure of the trajectory (in the sense of number and order of boundary arcs and touch points) is not necessarily stable under a small perturbation. However, by (A5), boundary arcs are locally preserved, and by (A6), the only three possibilities for a touch point is to become a boundary arc, remain a touch point or become inactive at a local solution of the perturbed problem, i.e. the solutions of the perturbed problems have a neighboring arc structure of active constraints to that of (ū,ȳ) (see Th. 2.1). Below is our main result (together with Theorems 2.1 and 6.1), that will be proved later in section 5. If either point (i) or (ii) is satisfied, for µ ∈ V 0 denote by (u µ , y µ ) the unique local solution of (P µ ) with u µ −ū ≤ ρ, and by (p µ , η µ ) the (unique) associated multipliers. Then (u µ , y µ ) has a neighboring structure to that of (ū,ȳ), and the mapping µ
The above result implies that the solutions of the perturbed problems satisfy the quadratic growth condition (45), and hence the no-gap sufficient condition (42) by Th. 3.1(ii). The lemma below (proved at the end of section 5) shows that the strong second-order sufficient condition (44) remains satisfied as well for the perturbed problems (this will be useful for the analysis of the homotopy algorithm in section 8).
Lemma 3.4. Under assumptions (A2)-(A6), if either point (i) or (ii) of Th. 3.3 is satisfied, then the locally unique stationary point (u µ , y µ ) of (P µ ) satisfies the strong second-order sufficient condition (44), for µ close enough to µ 0 . Related results to Theorem 3.3, based on a shooting approach (see the next section) too, are [23, Th. 8.3] , where the existence of a locally unique local solution of (P µ ) having the same structure as (ū,ȳ) was shown (but the uniqueness of the stationary point or the converse implication "(i) ⇒ (ii)" are not discussed), and [6, Th. 4.2] , where only the uniqueness of stationary points satisfying some restrictions on the arc structure is argued. In addition, both results assume the absence of touch points for state constraints of first-order. Here we are able to show that (u µ , y µ ) is locally the unique stationary point of (P µ ) (see Lemma 5.4) thanks to the analysis done in section 2. As mentioned in the Introduction, this is difficult to compare to [21, 22, 12] where an infinite dimensional approach was used, which required weaker assumptions, e.g. (A4)-(A6) are not needed, so their results are more general than Th. 3.3, but the conclusions obtained are also weaker than those of Th. 3.3.
In section 6, we will provide the first-order expansion of the local optimal solution and associated multipliers of the perturbed problem (see Theorem 6.1).
Alternative and Shooting Formulations 4.1 Alternative formulation of optimality conditions
In presence of pure state constraints, a reformulation of the optimality conditions is needed to apply shooting methods. Our results are based on the following alternative formulation of optimality conditions, see e.g. [9, 19, 17, 25, 6] . We use in this alternative formulation another set of alternative multipliers, that we denote by (p 1 , η 1 ), different from the alternative multipliers (p 1 , η 1 ) used in section 2. Whereas the latter are continuous, (p 1 , η 1 ) have jumps at entry points. The jumps of p 1 at entry times τ en , denoted by ν 1 τen , are part of the shooting parameters used in the shooting algorithm. 
, and alternative jump parameters ν 1 Ten and ν Tto , such that the following relations are satisfied, with the augmented Hamiltonian (8) (time
A solution of the alternative formulation satisfies the additional conditions, if the conditions below hold:
Proposition 4.2 (See e.g. [28, 19, 17] ). Let (ū,ȳ) be a local solution of (P), satisfying (A2)-(A4). Then (ū,ȳ) is solution of alternative formulation (46)- (56), and satisfies additional conditions (57)-(60).
The following remarks comment on those optimality conditions and on the relations existing between the different sets of multipliers. 
with 1 [0,τ ) (t) = 1 if 0 ≤ t < τ and zero otherwise. Equivalently, η is given by dη(t) = −η 1 (t)dt. The classical multipliers (p, η) and alternative ones (p 1 , η 1 ) can be recovered from each other by (61) and (59). By (54)-(56) and additional conditions (59)-(60), we have (p, η) ∈ P C 1,0
It is also easy to see that, when (61) holds,H µ (·, y, p 1 , η 1 ) = H µ (·, y, p), and hence, (20) is equivalent (withp 1 andη 1 the alternative multipliers associated withū) to:H
Remark 4.4. On [0, T ] \ T , the multipliers η 1 and p 1 in section 2 are related to p 1 and η 1 by the following relations:
Remark 4.5. By (58)-(59), the following necessary condition holds:
Lemma 4.6. Let (u, y) be a trajectory of (P µ ) satisfying the alternative formulation. Assume that there exist α, β, ε > 0 such that (we denote here
Then (59) is equivalent to the condition below
Also (59) or (67) is equivalent to the continuity of the control at entry/exit points.
Proof. We recall here the proof (see [23] and [6, Prop. 2.15]) since the arguments will be used later in Lemma 5.
, by (66), (67) is equivalent to the continuity of the control at entry and exit times. Now let τ ∈ T en . By (48) and (54)
If (59) holds, then we obtain (since
which implies by (65) that u(τ − ) = u(τ + ). Conversely, if (67) holds, i.e. if u is continuous at τ , then we obtain
Since by (66), (g µ )
u (u, y) = 0, we obtain the result. Similar arguments hold at exit points.
Remark 4.7. By (56) and (60), (48) and hypothesis (65), we can show similarly that a solution (u, y) of the alternative formulation and additional conditions satisfying (65)- (66) is such that u is also continuous at touch points, and hence (u, y) ∈ P C 1,0
At a touch point τ to , the function t → g µ (y(t)) has a local isolated maximum, and a continuous derivative at τ to (due to the continuity of u), hence the condition below is satisfied (compare to (67)):
The next lemma provides in particular a proof for Lemma 1.3.
Lemma 4.9. Let (u, y) be a trajectory of (P µ ) solution of the alternative formulation and additional conditions. Assume that there exist α, β, ε > 0 such that (65) and (66) holds. Then, for all τ en ∈ T en and τ ex ∈ T ex ,
Proof. Let τ en ∈ T en . We omit in the proof the superscript µ onH, g and f . Derivation w.r.t. time of the relation (48) on the left and right neighborhood of τ en yields (omitting the dependence in t and arguments (u, y, p 1 , η 1 ) ofH):
Recall that g (1) (u, y) = g y (y)f (u, y). By Lemma 4.6 and (59), u is continuous, so it follows that, taking the jumps at time τ en (omitting again arguments and setting ν 1 := ν 1 τen ):
Taking then the jump in (70) at time τ en , the above relations imply that
Since u, y, p 1 and η 1 are all continuous at exit times by Lemma 4.6, (71) holds as well at exit times. Since the function Remark 4.10. We know by [6, Lemma 3.6] that we can express the quadratic cost J , using (p 1 ,η 1 ) defined by (61) instead of (p,η), over the space of linearized trajectories (v, z) satisfying
whereH is the augmented Hamiltonian (8) , and the constraint (39) is equivalent to
Remark 4.11. The second-order sufficient condition (44) used in the stability and sensitivity analysis, is equivalent by Rem. 4.10 to (38) and (73)- (74).
This condition is weaker than the one in [23] , where the entry-point constraint (73) is omitted. The authors present a numerical method, based on Riccati equations, allowing to check the coercivity of the quadratic form J 1 over the subspace defined by (38) and (74), which is of interest in applications, while the verification of (44) or (75) in practice remains open. 
Shooting formulation with nonessential touch points
all arguments, and allow in particular t 2 − t 1 to be nonpositive. Now let us view a touch point as a boundary arc of zero length. This makes sense since, as we will see later, under a small perturbation, a touch point may switch into a boundary arc. So we have an entry point and an exit point, τ en and τ ex , whose common value is the one of the touch point. The jump ν 1 τen at entry point τ en equals ν τto (i.e., zero). There is a zero jump of p 1 at the entry (and exit) time τ en .
Assume that we have N ba boundary arcs and N to touch points. Let N := N ba + N to . We have now N entry and N exit points. Denote by t en (resp. t ex ) the N dimensional vector of entry (resp. exit) points, taken in the chronological order, and
. We use the notation t ex 0 := 0 and t en N +1 := T . We may rewrite the alternative formulation as follows, taking into account the continuity of state and of costate at exit points:
[p 1 (t
where p 0 ∈ R n * denotes the initial value of the costate.
We come now to the definition of the shooting mapping. Let Θ := R n × R N × R N × R N be the space of shooting parameters, of dimensionN := n + 3N . A vector of shooting parameters is denoted by
The shooting mapping F is defined over a neighborhood
where the values of (y, p 1 , u) at times t en± i
, t ex± i , T are given by (77)- (80), and where we used e.g. the notation
Being a composition of C 1 mappings, the shooting mapping is itself locally of class C 1 . Let (ū,ȳ) be a stationary point of (P), satisfying (A2)-(A4), with finite set of junction times T . Let I ba and I to denote the (disjoint) sets of index in {1, . . . , N } corresponding respectively to boundary arcs and touch points of the trajectory (ū,ȳ). Split F into two components:
where Ψ corresponds to the components g µ (y(t en i )) for i ∈ I to , denoted by the vector g µ (y(t en to )) ∈ R Nto . Denote similarly by ν 1 to the vector of components ν 1 i , for i ∈ I to . Consider the following nonlinear complementarity problem, for µ close to µ 0 :
where
Note that by (81)- (82) and (67)- (68), θ 0 := (p 1 (0) * ,ν 1 ,t en ,t ex ) is solution of (85) for µ = µ 0 , witht en andt ex the vectors of times inT en ∪T to andT ex ∪T to respectively, in increasing order,ν 1 i =ν 1
It should be underlined that we allow, in formulation of problem (85), entry times to be greater than exit times. However, we will check in the next section, after having shown that (85) has a locally unique solution, that the constraint ν 1 to ≥ 0 in (85) (compare with (64)) is sufficient, with assumption (A6), to ensure locally for µ in the neighborhood of µ 0 that the solution of (85) is such that t en i ≤ t ex i for all i ∈ I to . In addition, we will show that by (26), strict complementarityη 1 < 0 holds on the boundary arc (t en i , t ex i ) whenever t en i < t ex i . As we will see, the formulation (85) is strongly related with the associated linear-quadratic tangent problem min (v,z)∈V×Z J 1 (v, z) subject to the equality constraints (38) and (73)-(74), and the inequality constraint (40).
Remark 4.12. When the state constraint is of higher order, under small perturbations, a nonessential touch point satisfying (26) cannot switch into a boundary arc, i.e. it either becomes inactive, remains nonessential, or becomes an essential touch point (with a nonzero jump of the costate), see [6] .
Stability Analysis
In problem (85), there are inequality constraints that cannot be reduced to equality ones since strict complementarity does not hold at touch points, and those inequality constraints introduce nonsmoothness. Therefore we cannot apply the classical implicit function Theorem as it is done in [23] . Our stability analysis uses the notion of strong regularity, introduced by Robinson in [31] , applied to the complementarity problem (85).
The point θ 0 solution of (85) for µ = µ 0 is strongly regular, if there exist neighborhoods
and the mapping Ξ : δ → θ(δ) is Lipschitz continuous over V δ .
If θ 0 is strongly regular, then by [31] , there exist neighborhoods (V θ , V µ ) of (θ 0 , µ 0 ), such that for each µ ∈ V µ , (85) has in V θ a unique solution θ µ ,
and there exists κ > 0 such that for all µ, µ ′ ∈ V µ ,
In addition, the following expansion of θ µ holds (see e.g. [8] , p.413 equation (5.41)):
Lemma 5.1. Under assumptions (A2)-(A6), (44) implies that θ 0 is a strongly regular solution of (85) for µ = µ 0 . More precisely, given δ = (
, solution of the following relation, equivalent to (87) with ω = θ − θ 0 :
and ω is given as follows. Let (v δ , z δ , π δ , ζ δ , λ 1 δ ) be the unique solution and associated multipliers of the following linear-quadratic problem (recall that J 1 is given by (72))
subject to (38), (74),
where the multipliers π δ , ζ δ and λ 1 δ are associated, respectively, with constraint (38), (74) and (93)-(94). Then ω is given by: π 0 = π δ (0), γ 1 = λ 1 δ , and
Proof. The proof uses the block-decoupling property of the Jacobian of the shooting mapping w.r. 
(z, π 1 )(t
[π 1 (t
Then (91) writes
We recognize that (97)- (103) is the first-order optimality condition of problem (P δ (38) and (73)- (74)). It follows then that problem (P δ ) has, for all δ ∈ RN , a unique solution and multipliers (v δ , z δ , π δ , ζ δ , λ 1 δ ) that are Lipschitz continuous w.r.t. δ. Thus (91) has a unique solution, and by (104)-(105) and (A6) and (27) , the variations of junction times σ en i and σ ex i are given by (95)-(96).
Lemma 5.2. Under assumptions (A2)-(A6) and (44), there exists a neighborhood V µ of µ 0 , such that the locally unique solution θ µ of (85) given by (88) satisfies:
In particular, the solution (u µ , y µ , p 
Proof. Let i ∈ I to . By strong regularity (Lemma 5.1), we have that
Denote by (u, y, p 1 , η 1 ) the solution of (77)-(80) for θ = θ µ . Note that this is well-defined on each arc, but not a priori as function of time, since it may take several values for t ∈ ((t
(where ((a, b) ) stands for (a, b) if a ≤ b and (b, a) otherwise). We will see that this last case cannot occur, i.e. (106) holds (and clearly also holds by continuity with a strict inequality for i ∈ I ba ), and is satisfied with equality iff ν ). By definition of the problem (85), we have
. We deduce that:
Since (g µ ) . In order to avoid any confusion, denote the solution of (77)
and we denote this common value by (u(t
)). By (A6), there exists by continuity a constant c > 0 such that, for µ close enough to µ 0 ,
On the other hand, we have on the boundary arc ((t (2) given by (5), the jump ofu at t µ,ex i satisfies (g µ )
(1)
and hence,u − (t µ,ex i
). By time-derivation of (48) on the boundary arc ((t µ,en i , t µ,ex i )) of nonzero length and on the interior arc (t µ,ex i , t µ,en i+1 ), we obtain (omitting the arguments (u ± (t), y ± (t), p
Hence, taking the jump at time t µ,ex i
gives, since (u, y, p 1 , η 1 ) is continuous at t µ,ex i by (110): (113) and (65)- (66) there exists by continuity a constant C > 0 such that, for µ − µ 0 small enough,
)), uniformly w.r.t. µ, so there exists m > 0 independent of µ, such thatη
In view of (109), this implies thatη
)) for sufficiently small µ−µ 0 , and consequently, η
) is nonzero and has the sign of t ) for i ∈ I ba . So let µ − µ 0 be so small that, by (25)- (27) and (6), ) by (117)(ii). Finally, (57) holds near the junction points by (117)(i), and outside a small neighborhood of contact points, we obtain g µ (y µ ) < 0 by a standard compactness argument. Hence (u µ , y µ ) is a stationary point, with classical multipliers (p µ , η µ ) given by (61).
Lipschitz continuity of the mapping µ → (u µ , y µ , p µ , η µ ) follows from Lipschitz continuity of the mapping µ → θ µ by strong regularity (Lemma 5.1), Lipschitz continuity of (θ, µ) → (u, y, p, η)| k , where (u, y, p, η)| k denotes the restriction of the solution of (77)-(80) and (61) to "arc" k (possibly a singleton), for all k = 1, . . . , 2N + 1, and continuity of u µ ,ẏ µ , p µ and η µ on [0, T ].
Thanks to Th. 2.1, we can show that (u µ , y µ ) is the locally unique stationary point of (P µ ). (44) , there exist a L ∞ neighborhood V u ofū and a neighborhood V µ of µ 0 , such that for all µ ∈ V µ , (u µ , y µ ) is the locally unique stationary point of (P µ ) with u ∈ V u .
Lemma 5.4. Under assumptions (A2)-(A6) and
Proof. Let (u, y) be a stationary point of (P µ ) with (u, µ) in the neighborhood of (ū, µ 0 ). By Th. 2.1, (u, y) satisfies (S1)-(S3), and therefore has finitely many junction times, so it makes sense to speak of the finite-dimensional vector of "shooting parameters" θ (initial costate, jump parameters at entry times, and junction times) such that (u, y) is solution of the alternative formulation (Def. 4.1). Now construct its augmented set of shooting parametersθ as follows. For all i ∈ I to , if the state constraint is not active on Ω δ i , add to the set of shooting parameters θ the (unique by (A6)) time in Ω δ i where g µ (y) attains its maximum over Ω δ i , duplicate all such times as well as touch points, add a zero jump parameter for each of them, and obtain then aθ ∈ Θ such thatθ is solution of (85), and (u, y) is the trajectory associated withθ.
Let us show that this augmented set of shooting parametersθ is arbitrarily close to θ 0 when µ − µ 0 and u −ū ∞ are small enough. Indeed, the convergence of the initial costate is a consequence of Rem. 2.4. For i ∈ I ba , since we know by Th. . Then there exist δ > 0, a stable extension (P µ ), a sequence µ n → µ 0 , and a stationary point (u n , y n ) of (P µn ), with multipliers (p n , η n ), such that u n →ū in L ∞ and τ µn en,i ≥t en i + δ for all n. Let ϕ be a C ∞ function with support in [t en i ,t en i + δ] and positive on (t en i ,t en i + δ). Then T 0 ϕ(t)dη n (t) = 0, for all n. But by (A5), T 0 ϕ(t)dη(t) > 0, which contradicts the second assertion in Lemma 2.3. This achieves to show the convergence of entry/exit points for i ∈ I ba . Letting δ → 0 in (S3), we obtain similarly the convergence of touch points and entry/exit points of boundary arcs to the common valuet en i , for all i ∈ I to . The convergence of nonactive local isolated maxima of g µ (y) in Ω δ i when i ∈ I to , is obtained by classical arguments, since (26) holds and locally on Ω δ i , the second-order derivative (6) is continuous on interior arcs since u andu are (indeed, for u −ū ∞ and µ − µ 0 small enough, H µ uu (u, y, p) ≥ α/2 > 0 by (A2) and Rem. 2.4), so that g µ (y) belongs to a C 2 neighborhood of g µ 0 (ȳ). Finally, the convergence of jump parameters at entry times follows from assertion (4) in Lemma 2.3, since η 1 and η 1 are related by (63), and η 1 satisfies (50) and (59).
Hence if (µ, u) is close enough to (µ 0 ,ū), the augmented set of shooting parametersθ belongs to the neighborhood V θ of θ 0 , on which (85) has a unique solution θ µ by Lemma 5.1, and (u, y) is the (unique) trajectory associated withθ. Consequently,θ = θ µ and (u, y) = (u µ , y µ ) is the unique stationary point of (P µ ) with (u, µ) in the neighborhood of (ū, µ 0 ). Now we can prove the main result. Under assumptions (A2)-(A6) and point (ii) of Th. 3.3, for µ in the neighborhood of µ 0 and v ∈ L 2 , denote by z µ v the unique solution in Z of the linearized state equatioṅ
and by Q µ the quadratic form over L 2 defined by
where J µ is defined by (37) for (P µ ) and its stationary point and multipliers (u µ , y µ , p µ , η µ ).
Proof of Theorem 3.3. By Lemmas 5.1-5.4, to achieve the proof of (ii) ⇒ (i), it remains to show that u µ satisfies the uniform quadratic growth condition. The arguments used are similar to those in the proof of [6, Th. 4.2]. We argue by contradiction. Assume that the uniform quadratic growth does not hold. Then there exist a sequence µ n converging to µ 0 and a sequence u n →ū in L ∞ such that for all n, G µn (u n ) ∈ K and
Introducing the Lagrangian of (11) defined by L µ (u, η) := J µ (u) + η, G µ (u) , with ·, · the duality product in
2 ). Set ε n := u n − u µn 2 → 0 and v n := (u n − u µn )/ε n . A second-order expansion of the Lagrangian shows that v . We may write that
and using that v n 2 is bounded it is not difficult to check that
Therefore by weak lower-semicontinuity of the Legendre form Q = Q µ 0 by (20), we obtain that
Moreover,v andz satisfy (39). Indeed, since G µn (u n ) ∈ K, we have that g µn y (y µn )z n + r n ≤ 0 on I(g µn (y µn )), where r n satisfies r n ∞ = O(ε n ). Since d dt g µn y (y µn (t))z n (t) = (g µn u ) (1) (u µn , y µn )v n + (g µn y ) (1) (u µn , y µn )z n , it follows from Cauchy-Schwarz inequality that the functions (of time) g µn y (y µn )z n are uniformly Hölder continuous. Therefore, there exists a constant C > 0 such that, for all large enough n, using Lemma 5.1,
In addition, by (120), we have that η µn , g µn y (y µn )z n = −DJ µn (u µn )v n ≥ O(ε n ). Therefore, η, g y (ȳ)z ≥ 0, which implies finally by (A5) that g y (ȳ)z = 0 on ∪ N i=1 [t en i ,t ex i ], i.e. (39) holds. Thus (44) and (121) imply thatv = 0. But then Q(v n ) → Q(v), and hence, by the property of Legendre forms, v n →v strongly, contradicting that v n 2 = 1 for all n.
To prove the converse implication, we construct a perturbation of the constraint g µ , so that (nonessential) touch points becomes inactive on the perturbed problem (P µ ), and (ū,ȳ) is a stationary point of (P µ ). This is where we need nonautonomous perturbations. Let ϕ be a C ∞ function with support in [−1, 1] and positive on (−1, 1). Set µ 0 = 0 and g µ (y) := g(y) − τ ∈Tto µ 5 ϕ((y n − τ )/µ) for µ = 0 (recall that we assume (4)). Then (ℓ, φ, f, g µ , y 0 ) is a stable extension of (P), (ū,ȳ) is a stationary point of (P µ ) for all |µ| small enough, and g µ (ȳ(τ )) < 0 for all nonessential touch point τ . By the definition of the uniform growth condition, (ū,ȳ) is a local solution of (P µ ) satisfying (45), so it follows from Th. 3.1(ii) that the strong second-order sufficient condition (44) holds.
We end this section by the proof of Lemma 3.4.
Proof of Lemma 3.4. Denote by Q µ the quadratic form (119) andC µ the set of v ∈ V satisfying the constraints (38)-(39) for (P µ ) and its stationary point (u µ , y µ ), i.e. such that
Let us show that there exists α ′ > 0 such that for all µ close enough to µ 0 and all v ∈C µ (u µ ), we have Q µ (v) ≥ α ′ v 2 2 , which will give the result. We argue by contradiction, as in the proof of the uniform growth condition in Th. 3.3. Assume this is not the case. Then there exist sequences (µ n ) n∈N * and (v n ) n∈N * , such that µ n → µ 0 , v n ∈C µn for all n, and
SinceC µn is a cone (in fact, here, a linear subspace of V), and Q µn is a quadratic form, assume w.l.o.g. that v n 2 = 1, and taking a subsequence if necessary, that the sequence (v n ) converges weakly to somev ∈ V. Then the associated state z n := z µn vn given by (118) is weakly convergent toz := z µ 0 v in H 1 , and hence z n →z uniformly. By the same argument as in the proof of Th. 3.3 (see (122)), since v n ∈C µn , we deduce that
. It follows then thatv ∈C µ 0 . But (124) implies that Q µ 0 (v) ≤ 0, thereforev = 0 by (44), and then Q µ 0 (v n ) → Q µ 0 (v). Since Q µ 0 is a Legendre form, it follows that v n →v strongly, contradicting that v n 2 = 1 for all n. This achieves the proof.
Sensitivity Analysis
Under assumptions (A2)-(A6) and point (i) or (ii) of Th. 3.3, we investigate in this section directional differentiability of solutions. Given a stable extension (P µ ), by Lemma 5.1, strong regularity holds, and the mapping Ξ : (87) is given by Ξ(δ) = θ 0 + ω(δ), where ω(δ) is the solution of (91). It is easy to see that the mapping δ → ω(δ) is positively homogeneous of degree one, and it follows then from (90) that the mapping µ → θ µ is Fréchet directionally differentiable. The directional derivatives in direction d ∈ M are obtained by substituting into (91) δ by −D µ F (θ 0 , µ 0 )d. Therefore,
is as follows. Denote by
the (unique) optimal solution, costate and multipliers of the linear-quadratic problem below: 
Since the mapping µ → θ µ is Fréchet directionally differentiable and the solution (u µ , y µ , p (77)- (81) is, on each arc, a C 1 function of (θ µ , µ), combining with the continuity of u µ and of the classical multipliers p µ and η µ given by (61) (which follows from Lemma 5.3), we obtain the following result.
Theorem 6.1. Let (ū,ȳ) be a stationary point of (P) satisfying (A2)-(A6). If either point (i) or (ii) of Th. 3.3 is satisfied, then there exists a neighborhood V µ of µ, such that the mapping
and the derivatives of the state and control in direction d are the optimal solution (v d , z d ) of linear-quadratic problem (P d ), while those of the costate p µ and state constraint multiplier η µ are obtained, respectively, a.e. by
In addition, all shooting parameters (initial costate, jump parameters and junction times) are Fréchet directionally differentiable w.r.t. µ, and their directional derivative in direction d are given by (132)-(135).
Remark 6.2. We can show that an equivalent formulation of (P d ) is (see Rem. 4.10) to minimize
(138) for (v, z) ∈ V × Z subject to the constraints (128), (131) and
This last constraint is equivalent to (129)-(130) since we have that 
and we obtain from (134)-(135)
with 
Remark 6.3. It was quite expected that nonessential touch points generally turn into boundary arcs for constraints of first order (see e.g. [9] ). However it was surprising to be able to describe this transition between touch points and boundary arcs by a shooting approach when the structure is not stable, and obtain the differentiability of the shooting mapping, and in particular of the entry and exit times of the appearing boundary arcs. Note that those results are false for control constraints. Consider for example the problem below:
Here we have no state, or more precisely, the state is equal to the time. Obviously the solution is u(t) = (t − 1) 2 . Add now a constraint u(t) ≥ ε for ε > 0. Then the optimal solution is
. So for ε > 0 a boundary arc appear, whose end points τ ε − and τ ε + are not differentiable at the point ε = 0, and whose length is of order √ ε and not ε. A fortiori the shooting mapping is not differentiable at the point ε = 0, and the algorithm described in section 8 has no obvious extension to control constraints (or more generally to mixed control-state constraints).
Example of sensitivity analysis
We illustrate the results of this paper on a very basic example. We consider the problem of an elastic line of positive mass, fixed at its endpoints and submitted to a vertical uniform force (g). The problem is to find the equilibrium position, i.e. minimize the energy. Assuming the elastic potential to be quadratic with unit constant, this can be written as the optimal control problem (with t replaced by x ∈ [0, 1]):
We add a first-order state constraint, e.g. the level of the floor
Here g and h denotes positive constants.
Remark 7.1. Our results can be extended with only slight adaptations to the case when there are also finitely many equality and inequality constraints on the final state, if we assume in addition a controllability condition. In the case of a fixed final state, y(T ) = y T given in R n , this controllability condition is assumption (A1') below. Recall that given δ > 0, we denote by Ω δ := {t ∈ [0, T ], dist{t; I(g(ȳ))} < δ}.
(A1') (i) The initial and final conditions satisfy g(y 0 ) < 0 and g(y T ) < 0; (ii) There exists δ > 0 such that the linear mapping
, where z v is the solution of (24) and | Ω δ denotes the restriction to the set Ω δ , is onto (and therefore has a bounded right inverse by the open mapping Theorem).
This assumption (A1') plays the role of Lemma 1.2 in the proofs. Note that when the dynamics f is linear, i.e. f (u, y) = Ay + Bu, then (A1')(ii) is satisfied if the pair (A, B) is controllable, and if (A1')(i) and (A3) hold.
For the example considered here, (A1') is obviously satisfied so all the previous results are valid. The unconstrained optimal trajectory when h/g ≥ 1/8 is given by:
The resolution of the constrained problem when h/g ≤ 1/8 is as follows. The trajectory is:
Entry and exit positions x en and x ex are given by:
The alternative state constraint multiplier on [x en , x ex ] is given by:
and hence, the jump parameter at entry time is:
We consider perturbations w.r.t. nominal values of parameters g = g 0 = 1 and h = h 0 = 1/8, for which there is a touch point at x = 1/2. The strong sufficient second-order condition (44) clearly holds, since the linear-quadratic problem:
having a strongly convex cost function, has (v, z) = 0 for unique solution. Let us then study the perturbed quadratic problem at (g 0 , h 0 ) in direction d := (γ, η):
subject to the interior point inequality constraint:
The unconstrained trajectory is:
Therefore, the constraint is active, iff η ≤ γ/8. If η > γ/8, (148) corresponds to the directional derivative of the unconstrained trajectory (144). When η ≤ γ/8, the constraint (147) is active, i.e. z d (1/2) = −η, and therefore, the solution of the linear-quadratic problem is as follows:
The multiplier λ d associated with the constraint (147) is, by (140):
and, by (134)-(135), the variations of entry and exit points σ d,en and σ d,ex are given by:
By (146) and (145), we check that the above formula corresponds to the first-order variations, with g = g 0 + γ and h = h 0 + η, |γ|, |η| small, of:
We consider perturbations in three directions d = (γ, η): Case (c) (γ, η) = (1, −0.02).
Case (a) corresponds to an elevation of the ground level, case (b) corresponds to an increasing of the "gravitational" force g, both of them leading to the emergence of a boundary arc, and case (c) combines elevation of the ground and increasing of g. The perturbed trajectories and directional derivatives of the state in W 1,r , 1 ≤ r < +∞, are presented for each case in Fig. 1 . The unconstrained trajectory for (g 0 , h 0 ) is a parabola. In Fig. 2 , we focus on the appearance of the boundary arc in case (c), check that its length is of the order of the perturbation and compare with the directional derivatives of variation of junction times (150).
Homotopy method
We present in this section an algorithm that combines shooting and continuation (or homotopy) methods for solving optimal control problems with a scalar first-order state constraint, when the structure of the trajectory is unknown. It keeps the advantages of shooting methods regarding to the (high) precision and the (low) complexity, and enables to get rid of the (sometimes) hard task to guess a priori the structure of the trajectory, and of the initialization of some of the shooting parameters (only the initialization of the initial costate is left to the user). The idea is to handle automatically the appearance (and disappearance) of boundary arcs, so that the algorithm finds itself the structure of the trajectory. The results of the previous sections are used. General results on homotopy methods can be found in e.g. [1] , [11, Chap. 5] , and applications of homotopy methods to optimal control problems in e.g. [10, 14, 24] .
Description of the algorithm
The problem to be solved is the following:
We assume that (P) satisfies (A0)-(A1). In view of remark 7.1, we can more generally consider a fixed final state y(T ) = y T and φ = 0 if we assume in addition that the controllability condition (A1') holds. We consider the natural homotopy on the state constraint (P µ ), for µ ∈ [0, 1], defined by (ℓ µ , φ µ , f µ , y µ 0 ) := (ℓ, φ, f, y 0 ) and
where the constant K > 0 is large enough, so that the state constraint of problem (P 0 ) is not active, except maybe at finitely many (isolated) touch points in (0, T ). We explain later how we choose K in the algorithm. We thus have (P 1 ) ≡ (P). The shooting mapping (84) for (P µ ) is denoted by F (θ, µ), where θ is the vector of shooting parameters, of variable dimension depending on the structure of the trajectory, and µ is the (scalar) homotopy parameter. Since we only have here one state constraint of first order, note that the structure of the trajectory, and hence F , is entirely determined by the dimension of θ. More precisely, the number of boundary arcs of the trajectory N ba is given by (assuming the state constraint inactive at initial and final times)
The structure of the trajectory follows then from the alternation between interior and boundary arcs. We denote by y θ,µ the state solution of the alternative formulation for the shooting parameter θ and the value of the homotopy parameter µ. The algorithm is as follows (see Algorithm 8.1). The algorithm is initialized by solving the unconstrained problem (without the state constraint) (151)-(152). We thus obtain a vector of shooting parameters θ 0 (reduced to the initial costate), associated with a stationary point of (151)-(152), which is a local solution of (151)-(152) if the second-order sufficient condition (42) holds. The constant K in (154) is taken equal to K := max t∈[0,T ] g(y θ 0 ,0 (t)). If K ≤ 0, then θ 0 is a vector of shooting parameters associated with a local solution of (P). If K > 0, we start the homotopy from µ = µ 0 := 0 in (154) to µ = 1.
The variable m k denotes the maximum of g µ k (y θ k ,µ k ), attained at time τ k . If m k is positive, this means that the state constraint is violated so the structure is not correct and we have to add a boundary arc (step A). The variable i k equals zero iff all entry and exit times of boundary arcs are such that entry times are lower than or equal to the corresponding exit times, and equals i > 0 if the entry time of the i-th boundary arc is greater than the corresponding exit time. If i k = i > 0, the structure is not correct again so we have to delete the i-th boundary arc (step A). All this will be justified later in subsection 8.3 under some assumptions. If both m k ≤ 0 and i k = 0, this means that the structure is correct, i.e. the current iterate θ k is a vector of shooting parameters associated with a stationary point (u µ k , y µ k ) of (P µ k ). We thus increase the value of µ and do a simple predictor-corrector iteration (steps B-C), keeping the same structure for the shooting mapping. Then in step D we calculate the new values of m k+1 and i k+1 that say whether the structure is still correct or has to be updated in the next iteration. We do so until reaching the value µ = 1.
If the Newton algorithm in step C fails, then we decrease the value of the step ∆µ k , and go back to the last value (µ k−1 , θ k−1 ) satisfying F (µ k−1 , θ k−1 ) = 0 and max(m k−1 , i k−1 ) = 0.
Algorithm 8.1 (Homotopy Algorithm).

Initialization
Input p 0 ∈ R n * and δ ∈ (0, 1].
-Solve by the shooting algorithm (initialized by the value p 0 ) the unconstrained problem (151)- (152), and obtain a vector of shooting parameters θ 0 .
Step A (Update the structure) If m k > 0 then (Addition of a boundary arc) Initialize the new shooting parameters (ν 1 , τ en , τ ex ) associated with this boundary arc by:
Take the remaining shooting parameters equal to the previous value θ k , and obtain a vector of shooting parametersθ k of dimension dim(θ k ) + 3.
End if
If i k > 0 (Suppression of a boundary arc) Remove the shooting parameters (ν 1 , τ en , τ ex ) corresponding to the i k -th boundary arc from the vector of shooting parameters θ k , and obtain a new vector of shooting parametersθ k of dimension dim(θ k ) − 3.
Setμ k := µ k (the value of µ is unchanged by this step).
Else
Step B (Prediction)
End if
Step C (Correction) Try to solve, by a Newton method, F(θ,μ k ) = 0. The Newton algorithm is initialized by the valueθ k .
If the Newton algorithm fails then (go back to old values of µ and θ and decrease the step) Set
Step D (Verify if the structure is correct)
-Set i k := 0. For all i = 1, . . . , N k ba (N k ba given by (155)), if θ k is such that the entry time corresponding to the i-th boundary arc is greater than the exit time corresponding to the i-th boundary arc, then i k := i.
-If max(m k , i k ) = 0 then set ∆µ k+1 := δ.
End if End while
Remark 8.2. Note that the Newton algorithm converges quadratically, provided that the initial point is good enough. Therefore, we can see rapidly in step C whether the Newton algorithm converges or not and if we need to decrease the step ∆µ k . Remark 8.3. Clearly, the present algorithm does not take into account all possible events, since it principally assumes the stability of boundary arcs (which holds when uniform strict complementarity is satisfied, see assumption (H 2 ) below). If uniform strict complementarity does not hold along the homotopy path, then it may happen for example that a boundary arc splits into two boundary arcs, or on the contrary that two boundary arcs melt into one.
Existence of the homotopy path
Assume that the following holds: (H 0 ) For µ 0 = 0, the unconstrained problem (P 0 ) has a local solution (ū,ȳ) that satisfies (A0)-(A3), the contact set I(g 0 (ȳ)) is composed of finitely many (nonessential) touch points in (0, T ), all of them satisfying (26) , and the strong second-order sufficient condition (44) is satisfied.
By Th. 3.3, (H 0 ) implies that there existsμ > 0 such that for all µ ∈ [0,μ), (P µ ) has a locally unique local solution (u µ , y µ ) with multipliers (p µ , η µ ), that satisfies assumptions (A1)-(A3) for (P µ ). In addition, this local solution (u µ , y µ ) of (P µ ) has a neighboring structure to that of (ū,ȳ), implying that if (ū,ȳ) has N touch points, then (u µ , y µ ) has at most N boundary arcs or touch points, i.e. satisfies (A4). Further, strict complementarity holds on the boundary arcs of (u µ , y µ ), and the touch points satisfy (26) The preceding discussion shows that assumption (H 0 ) implies that µ max > 0.
Lemma 8.4 (Existence of the homotopy path). Assume that (H
and that (A1) and (A3) are uniformly satisfied, i.e. there exist β, ε, ζ > 0 such that for all µ ∈ [0, µ max ),
Then there exists a sequence (µ n ) n∈N * such that µ n ↑ µ max , (u µn , y µn ) → (ũ,ỹ) uniformly,
, and (ũ,ỹ,p,η) is a stationary point and its multipliers of (P µmax ). Moreover, if (ũ,ỹ,p,η) satisfies assumptions (A1)-(A6) and the strong second-order sufficient condition (44), then (u µ , y µ , p µ , η µ ) converges when µ ↑ µ max to a locally unique local solution of (P µmax ) and its multipliers (ũ,ỹ,p,η) =: (u µmax , y µmax , p µmax , η µmax ), and µ max = 1, i.e. the homotopy path is locally well-defined over µ ∈ [0, 1]. (157) implies that there exists a subsequence, still denoted by (µ n ), such that the sequence (u µn ) converges uniformly to someũ ∈ U. By (157), we may pass to the limit in the state equation (2) and obtain that y µn converges in Y to the stateỹ := y 
, and g µn (y µn ) → g µmax (ỹ) strongly (i.e. uniformly), we deduce easily from the definition of the normal cone that dη ∈ N K (g µmax (ỹ)). By the costate equation (13) (with α = 1), dp µ is uniformly bounded in M([0, T ]; R n * ). Therefore, there exists a weakly-* convergent subsequence dp µn * ⇀ dp ∈ M([0, T ]; R n * ). Due to the convergence of the final condition (14), we deduce easily from the integration by parts formula [13, p.154 
that p µn weakly-* converges in L ∞ (0, T ; R n * ) to a limitp given byp(t) := t T dp(s)+φ µmax y (ỹ(T )). Since (18) and (13) are linear in p and η, we may pass to the weak-* limit and obtain that (ũ,ỹ) is a stationary point of (P µmax ) with multipliers (p,η). Now assume that this stationary point (ũ,ỹ) of (P µmax ) satisfies assumptions (A1)-(A6) and the strong second-order sufficient condition (44). These assumptions imply by Th. 3.3 that (ũ,ỹ) is an isolated stationary point of (P µmax ), which shows the local uniqueness of the stationary point (ũ,ỹ) of (P µmax ) constructed above and of its multipliers. In addition (ũ,ỹ) is a local solution of (P µmax ), and by Th. 3.3, we obtain the existence of the homotopy path on the interval [µ max , µ max + ε), for some ε > 0, and assumptions (A1)-(A6) hold on this interval by Th. 3.3, as well as the strong second-order condition (44) by Lemma 3.4. This implies that µ max = 1, otherwise this would contradict the definition of µ max . Therefore the homotopy path is locally well-defined over [0, 1] .
We thus make the assumptions below:
, there exist L > 0 and β, ε, ζ > 0 such that (157) and (158) Actually the algorithm 8.1 is correct only if we replace assumption (H 3 ) by:
has at most one (nonessential) touch point, and the latter satisfies (26) .
But the algorithm can be generalized to the more general case case when (H 3 ) holds (see Rem. 8.14).
Remark 8.5. Assumptions (H 0 )-(H 4 ) needed to ensure the existence (and local uniqueness) of the homotopy path, and the convergence of the algorithm, are rather strong, but they also give some indications on why the algorithm fails, if it fails (for other reasons than numerical ones, see Rem. 8.13). Either (157) is not satisfied (i.e. u µ is not uniformly Lipschitz continuous), or the problem becomes singular (i.e. (158) fails), or a solution with infinitely many boundary arcs or touch points is met during the homotopy, or strict complementarity on boundary arcs fails, or finally the strong second-order sufficient condition (44) fails.
Correctness of the algorithm
The existence of a locally unique local solution (u µ , y µ ) of (P µ ), for all µ ∈ [0, 1], is guaranteed by assumptions (H 1 )-(H 4 ). In addition, for all µ ∈ [0, 1], the locally unique local solution (u µ , y µ ) of (P µ ) has finitely many boundary arcs and touch points. So to prove the correctness of the algorithm, it suffices to show that the algorithm does find, in finitely many steps, these local solutions (u µ , y µ ) for a finite increasing sequence of values of µ, until µ = 1 (in fact, the algorithm gives the vector of shooting parameters θ µ , of appropriate dimensions, associated with the trajectory (u µ , y µ )). For this Lemmas 8.6 to 8.10 given below will be useful. there exists an open neighborhood V µ of µ such that for all µ ′ ∈ V µ , the locally unique local solution (u µ ′ , y µ ′ ) of (P µ ′ ) has a neighboring structure to that of (u µ , y µ ), and the mapping µ ′ → θ µ ′ is Lipschitz continuous over V µ . We can thus extract from (V µ ) µ∈[0,1] a finite covering (Vμ k ) k=0,...,M of [0, 1]. Since for eachμ k , there exist finitely many possible neighboring structures to that of (uμ k , yμ k ), and µ → θ µ is Lipschitz continuous on each Vμ k , the result follows.
Although by Lemma 8.6 the trajectories (u µ , y µ ) µ∈[0,1] have finitely many different structures, assumptions (H 0 )-(H 4 ) do not imply that there are finitely many changes in the structure of the trajectory along the homotopy path (see Rem. 8.7 below). More precisely, we say that the structure of the trajectory changes atμ ∈ [0, 1), if (uμ, yμ) has a touch point that either disappears or turns into a boundary arc (of positive length) when µ →μ + . We will therefore make the following assumption in the proof of correctness of the algorithm (Prop. 
, then the latter turns into a boundary arc, and when µ 5 sin(1/µ) < 0, i.e. µ ∈ ∪ n∈N * ( 1 2nπ , 1 (2n−1)π ), the boundary arc disappear (the state constraint is not active). Therefore, for any ε > 0 arbitrarily small, the structure changes for infinitely many values of µ in the interval [0, ε]. By Th. 6.1, the computation of the directional derivatives in direction d = 1 at point µ = 0 shows that problem (P d ) has zero for unique solution, and therefore the directional derivatives of the entry/exit points and jump parameters at entry times are all zero in that case.
After this general description of the homotopy path, we will focus now on the changes in the structure, i.e. when there are nonessential touch points. So consider a valueμ ∈ [0, 1] for which (uμ, yμ) has N to ≥ 1 (nonessential) touch pointsτ i , i = 1, . . . , N to . Denote by F j , for j = 1, . . . , 2 Nto , the shooting mappings corresponding to all possible neighboring structures to that of (uμ, yμ), i.e. each touch pointτ i is or not converted into a boundary arc like in subsection 4.2. Denote byθ j the appropriate vector of shooting parameters of (uμ, yμ) for F j . Thus we have F j (θ j ,μ) = 0, for all j = 1, . . . , 2 Nto .
For µ in the neighborhood ofμ, and all j = 1, . . . , 2 Nto , we consider the problem:
Find θ of appropriate dimensions solution of: Proof. By (H 3 ), the touch pointsτ i all satisfy (26) . By (H 4 ) the strong second-order sufficient condition (44) is satisfied, and hence the Jacobians D θ F j (θ j ,μ) are nonsingular, for all j = 1, . . . , 2 Nto (by the same arguments as in the proof of Lemma 5.1). So it follows from the classical implicit function Theorem that (159) has a locally a unique solution θ j by adding, for each touch pointτ i that was not converted into a boundary arc in F j , a zero jump parameter for the costate and an entry and exit time both equal to the unique local maximum of g µ (y µ j (t)) in the neighborhood ofτ i . Thus the augmented vectors of shooting parametersθ µ j have the same dimension for all j, which is also the dimension of the shooting mapping F in (84) for which all the N to touch points are converted into boundary arcs. For µ =μ, we denote the augmented vector of shooting parameters byθ =θμ j , for all j. Lemma 8.9. Under the assumptions of Lemma 8.8, there exists an open neighborhoodV µ of µ such that for all j = 1, . . . , 2 Nto , the mapping µ →θ µ j is C 1 overV µ , and for all µ ∈V µ , the augmented vector of shooting parametersθ µ j is solution of (85), iff the two conditions below are satisfied:
where for each boundary arc of F j , τ µ en,j and τ µ ex,j denote the components of θ µ j corresponding respectively to the entry and exit point of the boundary arc.
Proof. In the neighborhood of a touch pointτ i that was not converted into a boundary arc in F j , for all µ ∈V µ , the function g µ (y µ j (·)) is locally well-defined and C 2 . Therefore, since Let j 1 , j 2 ∈ {1, . . . , 2 Nto }, j 1 = j 2 , and µ ∈V µ . Given a solution θ µ j 1 of (159) for j = j 1 , let us explain now how to initialize the Newton algorithm in order to find a solution of (159) for j = j 2 . The initial pointθ µ j 1 ,j 2 is obtained from θ µ j 1 as follows:
• For every touch pointτ i that was converted into a boundary arc in F j 1 but not in F j 2 , remove from θ µ j 1 the shooting parameters associated with this boundary arc;
• For every touch pointτ i that was converted into a boundary arc in F j 2 but not in F j 1 , add to θ µ j 1 the three shooting parameters associated with this boundary arc (ν 1,i , τ i en , τ i ex ) as follows: ν 1,i = 0, and τ i en and τ i ex are both equal to the unique point of local maximum of g µ (y µ j 1 ) in the neighborhood ofτ i . Lemma 8.10. Under the assumptions of Lemma 8.8, for all j 1 , j 2 ∈ {1, . . . , 2 Nto }, j 1 = j 2 , there existsδ j 1 ,j 2 > 0, such that for all µ, |µ −μ| ≤δ j 1 ,j 2 , the Newton method to solve the equation (159) for j = j 2 is convergent to θ µ j 2 , whenever the initial pointθ µ j 1 ,j 2 to solve F j (θ, µ) = 0) converges to θ µ for all initial point θ 0 satisfying |θ 0 − θ µ | < ρ j . For all µ, µ ′ ∈ [μ j ,μ j+1 ], with θ ′ the solution of the prediction step obtained from θ µ by
it is easy to see that there exists a constant C j 1 such that |θ ′ − θ µ ′ | ≤ C j |µ − µ ′ | 2 . Therefore the convergence of the Newton algorithm to θ µ ′ with the initial point θ ′ is guaranteed if |µ − µ ′ | <δ := min m j=0 (ρ j /C j ) 1/2 . Now let δ 0 > 0 be the minimum ofδ defined above, of all the finitely many constantsδ j 1 ,j 2 > 0 of Lemma 8.10 involved at the changes of structure of the trajectory, and finally ofμ j+1 −μ j > 0, for j = 0, . . . , m.
Let δ ∈ (0, δ 0 ). The proof of the the algorithm is by finite induction on the property below, for k ≥ 0:
(A k ) At each passage in the prediction step (step B), before k is increased, we have µ k = min(kδ, 1), m k = 0, i k = 0 and
-if µ k =μ j for some j = 0, . . . , m, * if either k = 0 or the touch point ofμ j is either inactive or a (nonessential) touch point when µ →μ − j , then θ k is the vector of shooting parameters associated with (u µ k , y µ k ) that does not contain the touch point ofμ j as a boundary arc of zero length; * if the touch point ofμ j is a boundary arc for µ →μ − j , then θ k is the vector of shooting parameters associated with (u µ k , y µ k ) that contains the touch point ofμ j as a boundary arc of zero length.
For p 0 sufficiently close top(0), the initialization step of the algorithm succeeds in obtaining the initial vector of shooting parameters (reduced to the initial costate) θ 0 = θ µ 0 associated with the local solution (ū,ȳ) of (P 0 ). So (A 0 ) holds. Assume now that (A k−1 ) holds, and let j ∈ {0, . . . , m + 1} be such thatμ
We thus go through the prediction step B and then to step C. By (A k−1 ), we try to solve, by the Newton algorithm, the equation
By construction of δ 0 , the Newton algorithm succeeds and obtain a solution θ ′ k of (162). So we go to step D. There are two cases to consider. Either (a) µ k ≤μ j+1 or (b) µ k >μ j+1 .
In case (a), the structure of the trajectory does not change, so we obtain the vector of shooting parameters θ k := θ ′ k = θ µ k associated with (u µ k , y µ k ). Therefore m k ≤ 0 and i k = 0, which shows (A k ).
In case (b), by construction of δ 0 , we have µ k ∈ (μ j+1 ,μ j+2 ). Therefore θ µ k is the (locally unique) solution of
By Lemma 8.9, among all the "augmented vectors of shooting parameters" associated with one of the (two) possible neighboring structures to (uμ j+1 , yμ j+1 ), only θ µ k satisfies (160)-(161). Therefore we deduce that necessarily, the augmented vector of shooting parametersθ k obtained from θ ′ k solution of (162) was not converted in a boundary arc in F j . So we go to step A and add a boundary arc. Here,μ j having a single touch point, there are only two possible neighboring structures to that of (uμ j , yμ j ). Having eliminated F j , it remains only one possible structure, i.e. withτ j+1 to as a boundary arc, which corresponds necessarily to F j+1 . The shooting parameters associated with this new boundary arc are initialized by (156), and hence we obtain an augmented vector of shooting parametersθ k , that by Lemma 8.10 belongs, by construction of δ 0 , to the neighborhood of θμ j+1 for which the Newton algorithm solving (163) is convergent to θ µ k . We thus obtain θ k = θ µ k , which satisfies m k = 0 and i k = 0, and therefore (A k ) holds.
The case i k > 0 is dealt with similarly, i.e. if it happens that for a boundary arc, the entry time is greater than the exit time, this can only happen in the neighborhood of the touch pointτ j+1 to ofμ j+1 , and this implies that this touch point is converted in a boundary arc in F j . So we remove in step A this boundary arc, and conclude with the same arguments that (A k ) holds again. The result follows by finite induction on k, since the algorithms ends for the smaller integer k ≥ 1 δ . Remark 8.12. The process of reduction of ∆µ k is not active if δ is small enough, as appears from Prop. 8.8. However, in practice we do not know what a correct value of ∆µ k is so that this reduction process is useful.
Of course when initialized with δ > δ 0 it may happen that Newton's method converges to a point that does not belong to the continuous path (u µ , y µ ), i.e., it computes another critical point, say (û µ ,ŷ µ ). If the latter satisfies conditions of Th. 3.3, then the algorithm continues despite the jump to another branch of solutions. Remark 8.13. We could theoretically give an explicit expression for the constant δ 0 that ensures the convergence in Prop. 8.11, but the latter depends on constants involving, among other, bounds on the hessian of the shooting mapping that are almost impossible to calculate. In case of ill-conditioning (δ 0 is very small), the convergence may be difficult, if not impossible, to achieve in practice, due to numerical errors. Remark 8.14. Algorithm 8.1 and Prop. 8.11 can be extended to the case when (H 3 ) holds instead of (H ′ 3 ). If (H ′ 3 ) does not hold, but (H 3 ) do, this means that there existsμ ∈ (0, 1) such that (uμ, yμ) has N to touch points, N to ≥ 2. If the structure of the shooting mapping changes at this point, there are a priori 2 Nto possibilities for the new structure when µ →μ + . It is possible to enumerate all of them, i.e. solve (159), for all j = 1, . . . , 2 Nto , for µ >μ close toμ. Lemma 8.9 ensures that if (160)-(161) are satisfied for some j, then we have found the new structure, and Lemma 5.1 ensures that (160)-(161) will be satisfied for at least one j.
A possibility that may reduces the enumeration is to use the directional differentiability of solutions in Th. 6.1. One can e.g. solve the problem (P d ), and whenever the variation σ ex d,i − σ en d,i given by (132) is positive (resp. negative), this tells us that the touch point τ i to have to be converted into boundary arc (resp. removed from the shooting mapping). For touch points such that σ ex d,i − σ en d,i = 0, this gives no information on τ i to so it possibly remains different possibilities to enumerate.
Numerical Implementation
The convergence of the algorithm presented in the previous subsections is illustrated on the academic problem below: (P) min The algorithm is initialized with the value p 0 = 0, and δ = 1/5 to initialize the steps ∆µ k . Let us comment Figure 3 where the results of the algorithm are presented. The algorithm reduces the step ∆µ k once, in the next to last iteration, since the Newton algorithm was not converging, meaning here that it was not converging quadratically. Thus the solution was computed for the values µ 0 = 0, µ k = kδ = k/5 for k = 1, . . . , 4, µ 5 = 9/10 and µ 6 = 1. We plotted in dark blue the state y k solution of (P µ k ) obtained at the exit of the while loop when m k = i k = 0, for k = 0, . . . , 6. In light blue we plotted the previous iterations, including the states obtained when m k > 0 at the exit of the while loop (so we can see the algorithm add a boundary arc at the following iteration when this happens).
For k = 0, we just have the solution of the unconstrained problem. For k = 1, the algorithm adds a single boundary arc around time t = 0.55. At each iteration k = 2, 3, 4, the algorithm detects that the state constraint is violated so it adds a boundary arc. So for k = 4 we have µ k = 0.8 and four boundary arcs. Then the algorithm tries to pursue the homotopy with µ = 1. It detects that it has to add a boundary arc but Newton algorithm fails. Therefore it decreases the step and obtained the solution for µ 5 (see the figure for k = 5) that has a fifth boundary arc. It then increases µ to µ 6 = 1 and obtain the solution of (P) which exhibits five boundary arcs.
At each passage in the Newton algorithm (step C), the latter converges very rapidly in 2 or 3 iterations (for the tolerance |F (θ k , µ k )| ∞ ≤ 10 −10 ) excepted of course the time it failed because ∆µ k was too large, and at the very last passage (which requires 5 iterations).
Finally, let us check that the uniform strict complementarity hypothesis (H 2 ) is satisfied. On a boundary arc, (48) gives u b + p 1 − η 1 = 0 with u b = 0, i.e. p 1 = η 1 . Hence,η 1 ≤ β < 0 on boundary arcs iff p 1 is (uniformly) decreasing. This is the case, see the figure bottom right in Fig. 3 on which we plotted p 1 for the final solution for µ 6 = 1 (the portions corresponding to boundary arcs are plotted in red). We can also check similarly that this uniform strict complementarity assumption is satisfied as well for all other values of µ k , k = 1, . . . , 5. Proof of Lemma 2.3. Let δ > 0. By continuity of the mapping (u, µ) → g µ (y µ u ), there exists δ > 0, such that for n large enough (this is precisely assertion (S1)),
The first assertion of the lemma is a classical consequence of Robinson's constraint qualification (17) 
Let p 1 n and η 1 n be the multipliers associated with the stationary point (u n , y n ) of (P µn ) by (32)- (33) . By (34),
y (ū,ȳ)(η \ Ω δ , which shows the last assertion.
